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ON THE GENERAL LINEAR DIFFERENTIAL EQUATION. 
By Prof. J. E. Oliver, Ithaca, N. Y. 
Forsyth* gives the convergent series, 

& = 5'„ — 5, + ^2 — . . . , 
as a general solution of the equation, 

Z>V -\- jiv = 0; 

X X 

wherein S^^ C -\- C'x, and S* ^ j \ fi St-i dx^. 

o o 

An obvious generalization would be as follows : — 

To solve the equation 

Z)V + ^.^"-'j'+ • • .^-X,,_,Dy^X^y = X, (i) 

wherein X^, . . . X^, X are functions of x only (or constants), let us operate 

XX X 

upon (i[)t with D~",^E£ | j . . . j ( ) d^' ; and let us operate upon (I2) with 
00 o 

I I ... I ()dx", which differs from D"" only by admitting n arbitrary con- 
stants of integration, C\ , . . . €„, and may be written 

Or if only a particular solution of (i) be desired, we may give convenient values 
to C", , . . . C„; e. g. making Ci = . . . = C =^ o, we may operate on both 
members of (i) with D"". 

The first-named operators give 

j; + D-" .XiD-'-'y-t . . . + D-" .X.^.Dj' + D-'\X„y=j'. . .Cxdx", 

(2) 

* Differential Equations, y. log, Ex. 

fBy (ij) and (ij), respectively, I mean the fust and second member of (l); by (314), the equation 
(3,) = (34); etc. 
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.-. y = li + {D-.X,D''-'{)+...+D-'.X„{)}-]-'.j...§Xdx^ 

= C ...Cxdx"— {. . .]j. ..jxdx'^ {. . .y^^ ...^xdx' — . . . 

=[i-{...} + {...r-...] 

xrz?-»x-f c,^^^^, + ... + c„_.^+<:;]; (3) 

wherein { . . . } [Z'-»X+ . . . + Q^^"" • ^i^""' [D'" X + . . . + CJ^ 

+ ... + /)-». X„ [D--'X+ . . . + C], 

and {...}* iD--X+. . . + (f„]= {D-'\X,D''-'{) + ...+ Z)-".X„()} 

X {...}*-'[Z'-"X+... + <:„]. 

That (3,4) is a primitive of (i), appears by retracing the steps so as to get (i) 
from (3,4). Thus (i,) is got from (2,) and (ij) from (22) by the same unidetermi- 

nate operator Z>", to which bothZ>~" and j . . . J ( ) dx"" are inverse; which, of 

course, justifies our having at first got (2i) from (i,) and {2^ from (ij) by differ- 
ent operators. Also, the primitive (3n) is complete, having n effective arbitrary 
constants C^, . . . C„. 

To show the convergence of (34) , let / be the length of the path followed by 
X in each of the n integrations implied in £)~"*; and let L^, A, Q be positive 

/' /* + ' 
real constants such that all along this path of x all the moduli of -r-j , , . ^ , . . . 

are < Z^, and all tho.se of Xj, . . . X„ are < A, and that of X is < Q. Then, 
since no definite single integral can be largerf than the product of the length of 
its variable's path into the largest value taken by the function to be integrated, it 
will be seen that each term of (34) , such as 

±5*, ^±{. . .}''[D--'X+C, ^^^l^ , + . . .+Cn-^^+Q], 

is smaller than if all the integrations had been from .r = o to .* = /, and ^Y, , . . . 
X„ had each been constant and = A, and X had been the constant C"„. But in 
that case S^ would have reduced to 

* Unless it happen that the path must be lengthened to avoid regions where not all of Jfj , . . . X„ 
X are holomorphic, / may be taken = mod. x. 

f If JV=^ + Si= j?f*' and iV' = ^' + B'i = R't^'\ wherein i=y/ — \ while A, A', B, B'; 

R, R', B, S' are all real, and R, R' are not negative; then let us say that N is-j^'^"' ^'^than N' , or 

jV^ N', when A ^ A'\ but that A' is ■( '"''■^fr than N' when R ^ R'. E. g., — 3 ± ;is larger but less 
<^ ' <^ ' I smaller <^ & > j & 

than 2 ± it. 
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Hence (34) is not less convergent than 

wherein the series multiplied by any constant C,. converges onward from ^ = Aln 
— n -\- r, slowly at first but finally very fast. 

Inthesameway, if Jfj ^ . . . =X„_i := 0,(34) is, at worst, convergent from 
k = lm~^[^A {n — m -\- i)]""* — (« + i) m~^ onward, and the convergence will 
usually proceed about m times as fast as if Xi . . . were not o. To secure this advan- 

tage, we can, with Forsyth,* first transform (i) by the substitution/ = 0S "J ' 
into D'z + P^D"-'^ ^ + . . . ■\- P^z ^ P; but the transformation may be un- 
advisable if . . . X^, X be already in good form for repeated integration. 

In estimating the final rate of convergence, A can safely be replaced by the 
largest of all the values assumed by mod. X-^, mod. X^, . . . mod. vY","" during 
the integrations : e. g. if the series (34) is to be used only for values o{ x smaller 
than a value R, we need consider only the largest of the values of mod. X^, . . . 
mod. ^„''" when mod. x < mod. R. 

Forms o{ X^, . . . X^, X for which the successive integrations are rapid 
and produce terms that readily combine, will of course occur to the reader ; but 
the only cases of much interest will be those where the law of the series (34) is 
clear. 

The method may fail in the rare case where no path lies from o to ;«; except 
across a line where not all of A', , . . . X,,, X are finite. 

*Ibid. 



